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1 Introduction

Spatial and network econometrics have both seen a vibrant development and growing interest for

several decades. Harry H. Kelejian and his co-authors had spurred this development and interest

with fundamental contributions by improving our understanding about estimation, identification,

as well as testing (see Kelejian and Prucha, 1997, 1998, 1999, 2001, 2004, 2007, 2010, Kelejian, 2008,

Kelejian et al., 2004, Kapoor et al., 2007, Kelejian and Piras, 2011, 2014, 2016, 2017, 2018, 2020,

Kelejian et al., 2004, and Kelejian and Robinson, 1992, 1998, 2004). Among the many mentioned

contributions, we would like to highlight those that proposed methods permitting working with

large cross sections of units – in cross-section or panel-data environments – with large networks of

flexible form.

In this paper, we focus on the use of network matrices with a peculiar form in the estimation of

models that are linear in parameters. These matrices differ from conventional network matrices in

that they do not have zero diagonal entries – i.e., they feature what is called self-reflection – and

their entries can be characterized by just two vectors of real elements. Network matrices of the kind

considered here lead to a Leontief-type inverse matrix of the Sherman-Morrison-Woodbury form (see

Woodbury, 1949, 1950, Sherman and Morrison, 1950, Bartlett, 1951, Riedel, 1992, and Hao and

Simoncini, 2021). This form brings about special considerations for estimation and the identifiability

of parameters. Despite having the form of a conventional SAR (network or spatial autoregressive)

model, the key slope parameters can be estimated consistently by linear OLS regressions without

needing to resort to IV (instrumental variable) estimation of the structural model equation or

nonlinear estimation of its reduced form. The reason is that the reduced form of the model is itself

linear. However, depending on the specific configuration and properties of the Sherman-Morrison-

Woodbury network matrix, only some parameters might be identified.

Network matrices with a Sherman-Morrison-Woodbury inverse may arise in a number of models

in economics and finance, including in the context of international trade flows, regional economics

and migration flows, supply chains, and banking and financial linkages. In the paper, to show the

practical relevance of models with such network matrices, we focus on an example from the context

of log-linearized structural gravity-type flow equations.

The remainder of the paper is organized as follows. The next section introduces the concept of

Sherman-Morrison-Woodbury inverses. We outline a generic structure that is general enough to be

able to cover both cross-section and panel data cases. In Section 3 we specifically focus on panel data

and discuss an application to a model of international trade flows. In Section 4, we provide finite-

sample-performance evidence of cross-section and panel data estimators based on Monte Carlos

simulations. We conclude with a short summary in the last section.
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2 Models of interest involving network matrices with Leontief-type

Sherman-Morrison-Woodbury inverses

Let us introduce an observation index j = 1, ..., n with n being the sample size, noting that in

cross-sectional data j = i with i = 1, ..., N and n = N , and with cross-section×time panel data

j = {it} with i = 1, ..., N , t = 1, ..., T , and n = NT . Let yj denote a scalar-valued stochastic

outcome variable, xj be a 1 ×K vector of nonstochastic regressors. Let wjj′ and mjj′ be network

weights measuring the known relative importance of unit j′ for unit j, and let uj be a stochastic

term. Then, denoting the unknown parameters by Greek letters, the model we consider in this

paper is

yj = λ
n∑

j′=1

wjj′yj′ + α+ xjβ + uj , uj = ρ
n∑

j′=1

mjj′uj′ + ej , (1)

where λ, α and ρ are scalars, and β is a K × 1 vector. The key objects of interest we focus on in

this paper are the slope parameters in the systematic part of the model, λ and β, which we will also

call the structural slopes. Stacking the data, using ιn for an n× 1 vector of ones, and collecting the

elements wjj′ and mjj′ in the n× n matrices W and M , respectively, we obtain the structural and

reduced model forms as

y = λWy + αιn +Xβ + u, u = ρMu+ e, (2)

y = (In − λW )−1(αιn +Xβ + u), u = (In − ρM)−1e. (3)

Customary properties of network matrices V = {W,M}: Customary properties of a net-

work matrix V in econometrics are the following: (i) its elements are all real valued and typically

assumed to be nonnegative (although the latter is not key); (ii) its diagonal values are all zero to

avoid self-reflection; (iii) the elements vjj′ are absolutely summable which can be achieved by row

normalization or scalar normalization (such as maximum row- or column-sum normalization; see

Kelejian and Prucha, 2010; in practice, row normalization enjoys the most frequent use of those).

Sherman-Morrison-Woodbury forms of V : In this case, the network matrix is constructed

based on two n× 1 vectors v1,n and v2,n as

V = v1,nv
′
2,n, v1,n, v2,n ∈ Rn. (4)

It should be noted that, as long as the signs of all elements in v′2,n are the same, we can always

normalize it such that its elements sum up to unity and scale v1,n with the row sum of the original

v′2,n. Clearly, pre-multiplying any vector of matrix by v′2,n then produces weighted average elements

of that vector or matrix in a row vector.
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Economic interpretation and examples: Network matrices of the form (4) are parsimonious

relative to conventional ones in that they only specify 2n elements instead of n(n−1). They also are

easily interpretable in terms of offering clear ‘sender’ and ‘receiver’ channels (or out-strength and in-

strength in network terms). This structure fits many situations where link intensity is the product of

two size-based measures — a common reduced-form approximation in many gravity and industrial

organization contexts. E.g., suppose that v1,n is a vector of sales shares or sales values, and v2,n is

a vector of purchase shares or purchase values. Then, the matrix V would contain higher-valued

entries for entities (firms, regions, countries) with higher products of sales and purchase values. The

same would be true for population shares or counts; out- and in-citations shares of counts regarding

patents or academic output; shares of a region’s out- and in-migration flows; banks’ shares of total

interbank lending and borrowing; etc. However, Sherman-Morrison-Woodbury forms of network

matrices also can arise from structural economic models (see the next section for an example from

the trade literature).

Inverse of Sherman-Morrison-Woodbury matrices: Let v◦1,n ∈ Rn and v◦2,n ∈ Rn be generic

column vectors of n raw elements each, and let ιn be an n × 1 vector of ones. We will consider

the case, where all elements of v◦1,n have the same sign, and all elements of v◦2,n have the same

sign. It is probably fair to say that typically one would encounter cases, where all elements of these

vectors are positive (at least nonnegative). Then, v◦′2,nιn = v◦2,sum ∈ R. We will generally normalize

v2,n = (v◦2,sum)−1v◦2,n, whereby v′2,nιn = 1 for v ∈ {w,m}. Moreover, we will normalize v◦1,n by

its maximum element. Defining v◦1,max = maxi,...,n(v◦1,n,i), we will obtain v1,n = (v◦1,max)−1v◦1,n.

Let us collect (v◦)−1 = (v◦1,maxv
◦
2,sum)−1. Then, we could state V ◦ = v◦1,nv

◦′
2,n = (v◦)−1V . With

this normalization, the maximum row sum of V would be unity under the adopted assumptions.

Let us further introduce real-valued parameter scalars θV,0 and collect terms into the real-valued

θV = θV,0(v
◦)−1.

The Sherman-Morrison-Woodbury inverse of a matrix (In − θV V ) = (In − θV v1,nv′2,n) with θV ∈ R
and v1,n, v2,n ∈ Rn is defined as

(In − θV V )−1 = In +
θV

1− θV v′2,nv1,n
V = In +

θV
1− θV ωV

V, (5)

which obviously requires ωV = v′2,nv1,n 6= θ−1V . In our case, θV V ∈ {λW, ρM}.

Upon defining the ex ante known scalar ωV = v′2,nv1,n and the auxiliary parameters λ∗ = λ
1−λωW

and ρ∗ = ρ
1−ρωM

with {λ∗, ρ∗} 6= {ω−1W , ω−1M }, we obtain

(In − λW )−1 = In + λ∗W, (In − ρW )−1 = In + ρ∗M (6)

as well as

(In − λW )−1(In − ρM)−1 = In + λ∗W + ρ∗M + λ∗ρ∗WM. (7)
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For any conformable variable or vector h, let V h = κV,hv1,n, where κV,h is a scalar, and V ∈ {W,M}
as well as v ∈ {w,m}. Accordingly, u = (ρ∗κM,em1,n + e).

Let us define the scalars v′2,ny = κV,y and v′2,ne = κV,e for v ∈ {w,m} and V ∈ {W,M}. Then, note
that

Wy = κW,yw1,n, Me = κM,em1,n. (8)

Obviously, for any column h of the matrix (ιn, X), V h = κV,hv1,n. Hence, w1,n and κW,hw1,n,

κW,h′w1,n, as well as κW,yw1,n are pairwise perfectly collinear.

Reconsidering the structural and reduced-form models: With the above definitions and

notions at hand, we can restate the structural and reduced network-model forms involving network

matrices of the Sherman-Morrison-Woodbury form as

y = λκW,yw1,n + αιn +Xβ + ρ∗κM,em1,n + e, (9)

y = (In + λ∗W )[αιn +Xβ + (ρ∗κM,em1,n + e)]. (10)

Let us now use the short hand

λ∗κZw1,n = λ∗W [αιn +Xβ + (ρ∗κM,em1,n + e)]. (11)

This permits expressing the reduced-form model more compactly as

y = αιn +Xβ + ρ∗κM,em1,n + λ∗κZw1,n + e. (12)

Parameter identification and estimation: What stands out with the structural and reduced-

form models using Sherman-Morrison-Woodbury-type network matrices is that in both cases the

model error is the same (ρ∗κM,em1,n + e) and that this error is mean independent of the regressors

if E(m1,n|w1,n, X) = 0, a condition that can be verified empirically as it involves known variable

vectors. Thus, assuming m1n is exogenous and with the residuals e being IID, (i) OLS regression

of y on Wy and X (that is, of the structural model, eq. (9)) can estimate the structural slope

parameters λ and β consistently; (ii) an even simpler OLS regression of y on w1,n and X estimates

β consistently. In such a regression, w1,n controls for network interdependence in the outcome

and its coefficient captures λκW,y (structural model), or, equivalently, λ∗κZ (reduced-form model,

eq. (12)). For both β and λ to be identified by the OLS approach (i), the network matrices W

and M need to satisfy certain conditions, which we summarize in Table 1. To see this, let v2 be

generally be a vector of shares that sum up to unity for v ∈ {w,m}. Then, everything depends on

v1. If all elements of v1 are identical, we can call this a case of row normalization. In that case,

v1 = v0ιN , where v0 is a real-valued scalar and ιN is a column vector of ones with N rows. With
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row normalization, any variable multiplied by V is a manifold of ιN . Therefore, λ could not be

identified in that case. If the elements of v1 vary across the rows, this is analogous to the case of

scalar normalization of V ∈ {W,M}. This permits an identification of λ as long as W 6= M (or ρM

is absent from the model).

Table 1: Structural slope parameter identification with different network matrix

configurations

Configuration of network matrices V ∈ {W,M} Identified Not identified

Scalar-normalized (W,M) with W 6= M λ, β —
Scalar-normalized W = M β λ

Scalar-normalized W , row-normalized M λ, β —
Row-normalized W and M β λ

A further and related identification issue arises from the fact mentioned above that pre-multiplying

the regressors byW leads to perfect multicollinearity (columns ofWX are pairwise collinear). Thus,

a specification of the model with contextual effects in in the sense of an inclusion of WX (with

parameter vector, say, γ) in the structural model is not identified. Hence, the Sherman-Morrison-

Woodbury network form precludes the identification of parameters (λ, γ) as included in spatial or

network Durbin-type models (see Debarsy, 2012), in both their structural and reduced forms.

Variance-covariance matrix of disturbances: In the light of the assumptions of E(e) = 0

E(ee′) = σ2eIn, the above expressions, and the definition of the regression residual of the structural

model OLS estimation, û = y− λ̂Wy+α̂−Xβ̂, we can state the following. Let Z = (ιn,Wy,X) and

θ = (α, λ, β′)′ with dim(θ)=K. The OLS variance estimator for the coefficients of the structural

model is V̂ (θ̂) = s2uZ
′Z, where s2uû′û/(N−K). This estimator is consistent if m1n is homoskedastic,

and OLS estimation is efficient. If m1n is heteroskedastic, the usual robust variance estimator can

be used. However, even in this case, the degree of heteroskedasticity in u is likely to be small. First,

E(Me) = 0 as E(κM,e) = 0 inMe = κM,em1,n is a weighted average of e with the same weighting for

all observations. As a consequence, OLS is nearly efficient in finite samples, as ρ∗κM,em1,n + e ≈ e
in the structural model form in (9) and λ∗κZw1,n + e ≈ e in the reduced model form in (12) even

with medium-sized samples. In large samples, these statements will be exactly true and OLS is

efficient.

Thus, for estimation of, and inference on, the structural slopes, OLS estimation of the structural

model is sufficient. However, if M is known and available to the researcher, an alternative approach

is to include m1n as an additional variable in the regression: that is, regress y on Wy, X and m1n.

In this case, the regression residual reduces to ê, and the regression is homoskedastic regardless

of the nature of m1n. Defining Z̃ = (Z,m1n), an estimate of the OLS variance of this regression,

ζ̂ = (θ̂′, δ̂)′, where δ is the coefficient on m1n, can be obtained as V̂ (ζ̂) = s2eZ̃
′Z̃, where s2e =

ê′ê/(N −K − 1), and s2e is a consistent estimator for σ2e .
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3 Panel data

3.1 General considerations

With panel data at hand, the observation index is j = {it} with i = 1, ..., N and t = 1, ..., T . In

general, sorting the data first by t and then by i, we have V = diagt=1,...,TVt for V ∈ {W,M}. In

the case of balanced data, n = NT , and there are t-invariant N ×N network matrices VN in each

t, so that we have V = ιT ⊗ VN for V ∈ {W,M}.

We will particularly think of the case where T is large (and not necessarily pertains to time).

Subsection 3.2 provides a particular motivation and example for this context. With large T it is

reasonable to postulate the disturbances to be

et = µN + ηtιN + εt, (13)

where µN is an N ×1 vector of i-specific effects which can be treated as fixed or random, depending

on the problem at hand, ηt is a t-specific effect which can be treated as fixed or random, and εt is

an N × 1 vector of IID disturbances.

The model considered for a particular instance of t then reads

yt = λWtNyt + αιN +Xtβ + ut, ut = ρMtut + et, (14)

yt = (IN − λWtN )−1(αιN +Xtβ + ut), ut = (IN − ρMt)
−1et. (15)

We can stack the data, sorting them first by t and then i. For this, we use {y,X, u, e, ε} for stacked
vectors and matrices with n = TN rows, considering the balanced case. Specifically,

e = ιT ⊗ µN + ηT ⊗ ιN + ε, (16)

and

y = λWy + αιn +Xβ + u, u = ρMu+ e, (17)

y = (In − λW )−1(αιn +Xβ + u), u = (In − ρM)−1e, (18)

where V = diagt=1,...,T ⊗ VtN for V ∈ {W,M} to consider the case of t-variant network matrices in

spite of the panel being balanced.

In the light of the results of Section 2, we can state that

αιn + u = ιT ⊗ µ◦N + η◦T ⊗ ιN + ε. (19)
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Hence, the structural model can be rewritten as

y = λWy +Xβ + ιT ⊗ µ◦N + η◦T ⊗ ιN + ε. (20)

And, noting that

(In + λ∗W )(Xβ + ιT ⊗ µ◦N + η◦T ⊗ ιN + ε) = ιT ⊗ µ◦◦N + η◦◦T ⊗ ιN + ε, (21)

the reduced-form model can be rewritten as

y = Xβ + ιT ⊗ µ◦◦N + η◦◦T ⊗ ιN + ε. (22)

Clearly, the above provides the following insights. First, for X varying in both dimenstions i and t,

β can be identified by OLS upon treating {µ◦N , µ◦◦N } as well as {η◦N , η◦◦N } as fixed. Second, this is the
case, irrespective of whether {η◦N , η◦◦N } is treated as random or fixed, as long as E[X(ηT ⊗ ιN )] = 0.

Third, in the latter case, λ can be identified from the structural model as well. Whether treating µN
(and {µ◦N , µ◦◦N }) as fixed or random is immaterial for the identification question, if E[X(ιT ⊗µN )] =

0, as had been assumed.

3.2 Special case: linearizations of gravity models at a trade elasticity of zero

Behrens et al. (2012) showed that customary gravity models of the class discussed in Arkolakis et al.

(2012) – which includes most quantitative trade models used for policy analysis, inter alia the ones

of Eaton and Kortum (2002), Anderson and van Wincoop (2003), Melitz (2003), and Bergstrand

et al. (2013) – can be log-linearized around a price elasticity of 0 to obtain a structural model form

for importer i′ regarding its imports from all N exporters as

yi′N = αιN + +λWNyi′N + (λ− 1)x1N + λ(IN −WN )x2,i′N + ui′N , (23)

where the original data carry indices {i, i′} = 1, ..., N for exporters and importers, and yi′N is an

N × 1 vector of normalized bilateral export flows of all regions i = 1, ..., N to one specific importing

region i′, α is a constant, λ is the prevailing trade elasticity (the price elasticity of demand; a key

structural parameter in trade models), x1N = (x1i) is an N × 1 vector of known unit production

costs in all regions, and x2,i′N = (x2,ii′) is an N × 1 vector of ad-valorem bilateral trade trade

costs.1 ui′N is a residual vector which includes a component pertaining to the linearization error of

the nonlinear structural gravity-type trade model.
1These trade costs can be further parameterized, as a linear function of log distance, log ad-valorem tariff equiva-

lent, and binary indicators for common culture, language, and history, etc., without any loss of generality. Then, we

would have a specification, where λx2,i′N =
∑H

h=1 βhzh,i′N , with zh,i′N being one of H-many mentioned observable

trade-cost measures and βh being the corresponding parameter on it.
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Egger and Staub (2025) demonstrate that the N × N network matrix WN corresponds to the

Sherman-Morrison-Woodbury class WN = ιNw
′
2,N with w2,N being an N × 1 vector of population

(or employment shares), when adopting this linearization.

Stacking the data for all exporters i, we arrive at a model for n = N2 cross-sectional bilateral sales

data (including domestic sales from i to i′):

y = αιn + λWy + (λ− 1)x1 + λ(In −W )x2 + u. (24)

In light of the discussion of generic panel models, this is a special case, where the network matrix

for the stacked (panel) data is constructed based on a Kronecker product, W = (IN ⊗WN ), as

the elements of WN are invariant across exporter units i. We refer the reader to Egger and Staub

(2025) for further details on particular estimation issues with this model. However, what is key is

that the network matrix of the model has the special form addressed here, which leads to a reduced

model form which is linear in parameters. This had not been recognized in Behrens et al. (2012)

which, in our opinion, led to unnecessary complications for estimation and inference, there.

4 Monte Carlo experiments

4.1 Design

For the Monte Carlo simulations, we consider twelve alternative parameter and network designs,

which are summarized in Table 2. All designs involve network matrices VN = v1,Nv
′
2,N , where v

′
2,N

is an 1 × N vector of shares with the property v′2,N ιN = 1. VN is either row-normalized, when

v1,N = ιN , or it is maximum-row-sum normalized when the elements of v1,N are v1,N,i = (0, 1]. We

use each of the twelve designs both in a cross-sectional setting, where n = N and V = VN , and also

in a panel setting with n = NT and V = IT ⊗VN . All designs involve a vector of random IID error

terms ε with a variance-covariance matrix E(εε′) = σ2εIn and σ2ε = 1.

With panel data, we also generate IID variables µN and ηT with E(µNµ
′
N ) = σ2µIN , E(ηT η

′
T ) = σ2ηIT

and σ2µ = σ2η = 1, which are mutually fully independent and also fully independent of ε. Hence,

there would be no need to use fixed effects to estimate β—the parameters on X—consistently.

We draw the columns of {ε, µN , ηT } as ε ∼ N (0ιn, In), µN ∼ N (0ιN , IN ), and ηT ∼ N (0ιT , IT ),

respectively.

All designs involve two regressors X = (x1, x2), where xk = 2ιn + ξk, which we draw fully indepen-

dently of all other variables and of each other. Specifically, using x = vec(X), we draw x as fixed

in repeated samples with a normal distribution of x ∼ N (2ι2n, 4I2n). That is, we draw x once for

our cross-sectional and once for our panel simulations, and keep the same x across all replications

and designs. The true vector of parameters, including the constant and slope parameters on X, is
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(α, β′) = (3, 5, 5), which we also keep fixed across designs. All models include a network structure

in y, ȳ = Wy and feature the key network parameter λ 6= 0. Half of the twelve designs also include

a network structure in the error, ū = Wu, with corresponding parameter ρ 6= 0.

In the cross-sectional model, we consider sample sizes of N = {200; 400}. For the panel model,

we use N = 200 and let T = {50, 100}. Hence, with panel data, n = {5, 000; 10, 000}. Such a

choice of T reflects common values in macro-econometric applications involving countries as cross-

sectional units. In the special case of the mentioned linearization of gravity models of trade between

countries, panels are quadratic with T = N . While quadratic panels are considered further in Egger

and Staub (2025), here we explore rectangular macro panels in which T < N . However, motivated

by the linearized gravity model, we also consider a row-normalized network design ofWN = ιNw
′
2,N .

Table 2: Monte Carlo Simulation Designs

Network structure in u (ρ 6= 0) No network structure in u (ρ = 0)

D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12

Slope parameter (On variable)
λ (Wy) 0.7 2.0 -10 [0.7] [2.0] [-10] 0.7 2.0 -10 [0.7] [2.0] [-10]
β1 (x1) 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0
β2 (x2) 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0

Further DGP features
w1,N ∼ UN ∼ UN ∼ UN ιN ιN ιN ∼ UN ∼ UN ∼ UN ιN ιN ιN

ρ 0.5 -4.0 -1.0 0.5 -4.0 -1.0 — — — — — —
m1,N ιN ιN ιN ∼ UN ∼ UN ∼ UN — — — — — —
α 3.0 3.0 3.0 [3.0] [3.0] [3.0] 3.0 3.0 3.0 [3.0] [3.0] [3.0]

We report results based on 1, 000 Monte Carlo replications for the key parameters of interest, the

structural slope parameters of the model λ, β1, β2. In each replication, the model is estimated

by OLS as a linear regression of y on Wy, x1, and x2. When w1N = ιN , the network-weighted

variable Wy is constant and therefore collinear with the constant term in the regression, α. Hence,

as mentioned above, in this case, λ is not identified. For designs with this feature (D4-D6 and D10-

D12), we exclude the constant vector ιN from the regression, letting the parameter on Wy absorb

the joint parameters on the constant terms, and present results only for the identified parameters

β1 and β2, the coefficients on x1 and x2.

4.2 Statistics

Let us use ζ ∈ {λ, β1, β2, α} to refer to a generic candidate model parameter of interest. And let

ζ̂ pertain to an estimate thereof. Moreover, let us use {ζ̂p25, ζ̂p50, ζ̂p75} as the 25th, 50th (median),

and 75th percentiles of an estimate across the 1, 000 Monte Carlo draws. Then we can define the
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robust bias and root mean squared error of an estimate, respectively, as

RBias(ζ̂) = ζ̂p50 − ζ, RRMSE(ζ̂) =

RBias2(ζ̂) +

(
ζ̂p75 − ζ̂p25

1.35

)2
1/2

. (25)

These two measures are known to be robust to occasional outliers in the Monte Carlo vector of

point estimates relative to their average-based alternatives.

Regarding inference, we provide two statistics. First, we report on the average standard error for

a parameter estimated across the Monte Carlo draws within a design (s̄e) relative to the standard

deviation across the Monte Carlo draws (sd). We expect this ratio to be close to one and converge

towards one as the sample size increases with a consistent estimator. Second, we report on the

rejection rate using a nominal test size of 0.05 (RF0.05), and we expect the corresponding statistics

to be close to 0.05 for parameters that are identified and whose standard errors are estimated

consistently.

4.3 Results

Cross sections:

Table 3 displays the estimated robust biases and robust root mean squared errors for the cross-

sectional data-generating processes, with the top panel containing the results from the cases with

N = 200 and the bottom panel those for N = 400. For β̂k, the estimates of the coefficients on the

covariates xk, the biases are very small for all twelve DGPs even in the case of the smaller sample

size of 200 observations. The root mean squared errors are therefore essentially driven only by the

sampling variance of these estimates. As one would expect when doubling the sample size, the

standard deviation and consequently the RRMSE shrink approximately by a factor of
√

2 from the

top relative to the bottom panel. For instance, the RRMSE of β̂1 in D1 decreases from 0.0350 to

0.0257. Similar results are observed for the network coefficient λ̂ in the DGPs, where this parameter

is separately identified from the model constant α, D1–D3 and D7–D9: the coefficients are estimated

virtually without bias, and their RRMSE behaves as expected. This corroborates the conclusions

drawn in Section 2.

The results from the table indicate that the strength and direction of the network structure of the

error u make very little difference to the quality of the estimates of βk—there is almost no difference

in the results across D1–D3. More broadly, the results show that even whether the model error u

exhibits a network structure at all (D1–D6) or not (D7–D8) has negligible effects on the estimates.

The same holds for the estimates of λ, where they are available.

Tables 4 and 5 examine the quality of the inference in the data generating processes considered in

this simulation. Table 4 shows the results using conventional standard errors, while the statistics in

Table 5 are based on heteroskedasticity-robust standard errors. The results in both tables are quite
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similar. The ratio of average standard error to the standard deviation of the estimator is close to 1

for both β̂k. While these statistics are subject to some simulation error, it is remarkable that across

DGPs in both tables the ratio is always within 2% of 1. The results for λ̂ are almost as good, also

often being very close to 1 and with the largest deviations from 1 being around 3.5%.

A similar picture emerges from considering the estimated rejection frequencies, RF0.05. These are

close to the nominal size of 0.05 for all DGPs for the key parameters λ̂, β̂1 and β̂2, and are not

statistically significantly different from 0.05 at the 5% significance level (95% confidence intervals

range from about RF0.05 ± 0.012 to RF0.05 ± 0.015).

Panels:

The results for the simulation with panel data DGPs are shown in Tables 6–8, following the same

structure as the cross-sectional results. While, as mentioned above, in the true DGP the unit-specific

and time-specific effects are uncorrelated to the model variables and therefore ‘random effects’, the

estimation treats them as ‘fixed effects’, that is, as parameters to be estimated, since in practice

it is not known to the researcher ex ante whether or not these effects are independent or not of

the other covariates. This implies that N + T additional degrees of freedom are lost as these fixed

effects are accounted for in the estimation. The tables of results again feature two panels related

to the total number of observations. The top panel is for T = 50 and the botton panel for T = 100

(and in both cases, N = 200).

The results show that, similar to the cross-sectional case, the estimation of the coefficients of the xk
variables displays virtually no bias and low root mean squared error throughout all DGP designs

(Table 6). For the DGPs where λ can be estimated, the panel scenario also shows mostly low bias

and RMSE. Interestingly, for DGP D3, there is a somewhat larger RMSE, although it shrinks when

T is increased, as expected. The corresponding DGP without network structure in u, D9, also has

a higher RMSE than the other two DGPs, D7 and D8.

The patterns observed for the results regarding inference on the estimated parameters in Tables 7

and 8 are largely in line with the results obtained for the estimates in Table 6 as well as the results

for inference in the cross-sectional DGPs. For the parameters β̂k, both the ratio of standard errors to

standard deviation is consistently close to 1 across all DGPs and sample sizes, and the empirical size

of the test of the null hypothesis βk = β0k is close to and not statistically significantly different from

the nominal level of 5%. Using default standard errors in Table 7 or cluster-and-heteroskedasticity-

robust standard errors Table 8 makes little difference in these DGPs, as expected. We find similar

results for inference on the key network parameter λ. The ratio s̄e/sd as well as the estimated

rejection frequencies are close to their theoretical values. This even includes the DGPs D3 and D7,

which showed signs of moderate imprecision in the previous table. The results in the present tables

show that this increased variance does not hamper inference for λ.

Overall, the simulations of the cross-sectional and panel data DGPs have shown that the finite

sample properties of the estimators for the key variables in the model, namely the network effect
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λ as well as the effect of covariates β, displayed a good performance over all simulated designs,

including models with an additional network structure in the error. While this error network

structure has not been taken into account in estimation, the simulation results demonstrate that

this has virtually no effect on the quality of the esitmators’ performance.

5 Conclusions

This paper explores the use of network matrices of a Sherwood-Morrison-Woodbury form in econo-

metrics. Such matrices feature self-reflection in that the diagonal elements are generally nonzero.

They share this property with another well-known network matrix, namely the Leontief matrix

used in national and global input-output analysis. However, Sherwood-Morrison-Woodbury net-

work matrices of size N × N can be formulated in terms of just two N × 1 vectors. They are

generally asymmetric. Other than having nonzero elements, what distinguishes these matrices from

the network matrices typically used in econometrics is that their entries are defined directly in the

real-number space without normalization, and the same holds for the corresponding peer-effects

parameters (often referred to as SAR or SARAR parameters in spatial and network econometrics).

However, their inverse exists in relatively general circumstances.

We highlight specific issues with the estimation of structural network-model parameters in models

that are linear in their structural form. Moreover, we demonstrate that identifiable parameters of

interest can be estimated by OLS in cross-sectional (IID) data and by OLS or GLS in panel data

settings in small to moderately-sized data sets. Finally, we provide reasoning for panel data, why

Sherman-Morrison-Woodbury inverses would emerge in practice in the context of linearized place-

to-place flow models. The focus of the example is on trade but with similar conclusions holding for

worker or household mobility equations.
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Tables

Table 3: Simulation results: OLS estimates of cross-sectional network model.

Network structure in u (ρ 6= 0) No network structure in u (ρ = 0)

D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12

I. N = 200

λ̂ RBias -0.0002 0.0000 -0.0022 — — — -0.0002 0.0000 -0.0022 — — —
RRMSE 0.0069 0.0000 0.0640 — — — 0.0069 0.0000 0.0638 — — —

β̂1 RBias -0.0001 -0.0001 -0.0001 -0.0001 -0.0000 0.0000 -0.0001 -0.0001 -0.0001 -0.0001 -0.0001 -0.0001
RRMSE 0.0350 0.0350 0.0350 0.0350 0.0343 0.0351 0.0350 0.0350 0.0350 0.0349 0.0349 0.0349

β̂2 RBias 0.0024 0.0024 0.0024 0.0029 0.0029 0.0029 0.0024 0.0024 0.0024 0.0030 0.0030 0.0030
RRMSE 0.0378 0.0378 0.0378 0.0376 0.0375 0.0374 0.0378 0.0378 0.0378 0.0375 0.0375 0.0375

II. N = 400

λ̂ RBias -0.0000 -0.0000 -0.0003 — — — -0.0000 -0.0000 -0.0003 — — —
RRMSE 0.0051 0.0005 0.0431 — — — 0.0051 0.0005 0.0432 — — —

β̂1 RBias -0.0008 -0.0008 -0.0008 -0.0008 -0.0007 -0.0009 -0.0008 -0.0008 -0.0008 -0.0008 -0.0008 -0.0008
RRMSE 0.0257 0.0257 0.0257 0.0251 0.0254 0.0254 0.0257 0.0257 0.0257 0.0249 0.0249 0.0249

β̂2 RBias 0.0003 0.0003 0.0003 0.0005 0.0005 0.0005 0.0003 0.0003 0.0003 0.0005 0.0005 0.0005
RRMSE 0.0261 0.0261 0.0261 0.0259 0.0259 0.0259 0.0261 0.0261 0.0261 0.0259 0.0259 0.0259

Notes: Results obtained by Monte Carlo simulation over 1000 replications for DGP designs D1-D2 (see Table 2). Further

details on the data generating process can be found in Section 4.3. RBias and RRMSE refer to simulation estimates of the

robust bias and robust root mean squred error as defined in eq. (25).
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Table 4: Simulation results: Inference for cross-sectional network model.

Network structure in u (ρ 6= 0) No network structure in u (ρ = 0)

D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12

I. N = 200

λ̂ s̄e/sd 1.008 1.008 1.009 — — — 1.009 1.008 1.009 — — —
RF0.05 0.041 0.041 0.041 — — — 0.041 0.040 0.041 — — —

β̂1 s̄e/sd 0.992 0.992 0.992 0.993 0.995 0.995 0.992 0.992 0.992 0.994 0.994 0.994
RF0.05 0.048 0.048 0.048 0.048 0.047 0.049 0.048 0.048 0.048 0.048 0.048 0.048

β̂2 s̄e/sd 1.011 1.011 1.011 1.012 1.013 1.012 1.011 1.011 1.011 1.012 1.012 1.012
RF0.05 0.045 0.045 0.045 0.044 0.045 0.044 0.045 0.045 0.045 0.044 0.044 0.044

II. N = 400

λ̂ s̄e/sd 0.966 0.966 0.966 — — — 0.966 0.966 0.966 — — —
RF0.05 0.061 0.061 0.061 — — — 0.061 0.061 0.061 — — —

β̂1 s̄e/sd 1.003 1.003 1.003 1.007 1.003 1.005 1.003 1.003 1.003 1.006 1.006 1.006
RF0.05 0.055 0.055 0.055 0.053 0.054 0.055 0.055 0.055 0.055 0.055 0.055 0.055

β̂2 s̄e/sd 0.982 0.982 0.982 0.982 0.983 0.982 0.982 0.982 0.982 0.982 0.982 0.982
RF0.05 0.051 0.051 0.051 0.050 0.050 0.050 0.051 0.051 0.051 0.050 0.050 0.050

Notes: Results obtained by Monte Carlo simulation over 1000 replications for DGP designs D1-D2

(see Table 2). Further details on the data generating process can be found in Section 4.3. s̄e/sd

refers to simulation estimates of the average standard error to standard deviation ratio. RF0.05 refers

to the estimated rejection frequency of hypothesis tests at the nominal size of 0.05 for H0 : θ = 0,

θ ∈ {λ, β1, β2}.
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Table 5: Simulation results: Heteroskedasticity-robust inference for cross-

sectional model.

Network structure in u (ρ 6= 0) No network structure in u (ρ = 0)

D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12

I. N = 200

λ̂ s̄e/sd 1.005 1.005 1.005 — — — 1.005 1.005 1.005 — — —
RF0.05 0.044 0.043 0.044 — — — 0.044 0.043 0.044 — — —

β̂1 s̄e/sd 0.986 0.986 0.986 0.987 0.989 0.989 0.986 0.986 0.986 0.988 0.988 0.988
RF0.05 0.055 0.055 0.055 0.052 0.052 0.049 0.055 0.055 0.055 0.050 0.050 0.050

β̂2 s̄e/sd 1.005 1.005 1.005 1.006 1.006 1.006 1.005 1.005 1.005 1.006 1.006 1.006
RF0.05 0.043 0.043 0.043 0.042 0.044 0.044 0.043 0.043 0.043 0.043 0.043 0.043

II. N = 400

λ̂ s̄e/sd 0.964 0.964 0.964 — — — 0.964 0.964 0.964 — — —
RF0.05 0.061 0.061 0.061 — — — 0.061 0.061 0.061 — — —

β̂1 s̄e/sd 0.997 0.997 0.997 1.000 0.997 0.999 0.997 0.997 0.997 1.000 1.000 1.000
RF0.05 0.061 0.061 0.061 0.060 0.060 0.060 0.061 0.061 0.061 0.060 0.060 0.060

β̂2 s̄e/sd 0.978 0.978 0.978 0.978 0.979 0.978 0.978 0.978 0.978 0.978 0.978 0.978
RF0.05 0.056 0.056 0.056 0.056 0.055 0.055 0.056 0.056 0.056 0.056 0.056 0.056

Notes: Results obtained by Monte Carlo simulation over 1000 replications for DGP designs D1-D2

(see Table 2). Further details on the data generating process can be found in Section 4.3. s̄e/sd

refers to simulation estimates of the average standard error to standard deviation ratio. RF0.05 refers

to the estimated rejection frequency of hypothesis tests at the nominal size of 0.05 for H0 : θ = 0,

θ ∈ {λ, β1, β2}.
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Table 6: Simulation results: OLS estimates of panel network model (N = 200).

Network structure in u (ρ 6= 0) No network structure in u (ρ = 0)

D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12

I. T = 50

λ̂ RBias 0.0004 0.0001 -0.0047 — — — -0.0000 0.0000 -0.0002 — — —
RRMSE 0.0106 0.0011 0.1841 — — — 0.0155 0.0009 0.1506 — — —

β̂1 RBias 0.0003 0.0002 0.0002 -0.0004 0.0015 0.0009 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003
RRMSE 0.0047 0.0047 0.0047 0.0047 0.0049 0.0047 0.0047 0.0047 0.0047 0.0047 0.0047 0.0047

β̂2 RBias 0.0001 0.0001 0.0001 -0.0007 0.0015 0.0009 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001
RRMSE 0.0049 0.0050 0.0050 0.0051 0.0052 0.0050 0.0050 0.0050 0.0050 0.0050 0.0050 0.0050

II. T = 100

λ̂ RBias 0.0001 0.0000 0.0024 — — — 0.0007 0.0001 0.0056 — — —
RRMSE 0.0075 0.0017 0.1148 — — — 0.0115 0.0014 0.0953 — — —

β̂1 RBias -0.0002 -0.0002 -0.0002 0.0004 -0.0013 -0.0008 -0.0002 -0.0002 -0.0002 -0.0002 -0.0002 -0.0002
RRMSE 0.0035 0.0035 0.0035 0.0035 0.0037 0.0036 0.0035 0.0035 0.0035 0.0035 0.0035 0.0035

β̂2 RBias 0.0000 0.0000 0.0000 -0.0015 0.0029 0.0015 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
RRMSE 0.0035 0.0035 0.0035 0.0038 0.0046 0.0038 0.0035 0.0035 0.0035 0.0035 0.0035 0.0035

Notes: Results obtained by Monte Carlo simulation over 1000 replications for DGP designs D1-D2 (see Table 2). Further

details on the data generating process can be found in Section 4.3. RBias and RRMSE refer to simulation estimates of the

robust bias and robust root mean squred error as defined in eq. (25).
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Table 7: Simulation results: Inference for panel network model (N = 200).

Network structure in u (ρ 6= 0) No network structure in u (ρ = 0)

D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12

I. T = 50

λ̂ s̄e/sd 1.047 0.989 1.004 — — — 1.027 1.027 1.027 — — —
RF0.05 0.045 0.050 0.051 — — — 0.052 0.052 0.052 — — —

β̂1 s̄e/sd 1.032 1.033 1.032 1.045 1.077 1.044 1.032 1.032 1.032 1.032 1.032 1.032
RF0.05 0.043 0.044 0.044 0.043 0.044 0.042 0.043 0.043 0.043 0.043 0.043 0.043

β̂2 s̄e/sd 1.023 1.022 1.022 1.035 1.065 1.033 1.022 1.022 1.022 1.022 1.022 1.022
RF0.05 0.046 0.047 0.047 0.046 0.043 0.042 0.046 0.046 0.046 0.047 0.047 0.047

II. T = 100

λ̂ s̄e/sd 0.996 0.948 0.954 — — — 0.971 0.971 0.971 — — —
RF0.05 0.048 0.061 0.067 — — — 0.058 0.058 0.058 — — —

β̂1 s̄e/sd 1.015 1.015 1.015 1.036 1.084 1.033 1.015 1.015 1.015 1.015 1.015 1.015
RF0.05 0.044 0.044 0.044 0.045 0.052 0.046 0.043 0.043 0.043 0.044 0.044 0.044

β̂2 s̄e/sd 0.963 0.963 0.963 0.982 1.029 0.981 0.963 0.963 0.963 0.963 0.963 0.963
RF0.05 0.055 0.057 0.057 0.079 0.106 0.066 0.055 0.055 0.055 0.056 0.056 0.056

Notes: Results obtained by Monte Carlo simulation over 1000 replications for DGP designs D1-D2

(see Table 2). Further details on the data generating process can be found in Section 4.3. s̄e/sd

refers to simulation estimates of the average standard error to standard deviation ratio. RF0.05 refers

to the estimated rejection frequency of hypothesis tests at the nominal size of 0.05 for H0 : θ = 0,

θ ∈ {λ, β1, β2}.
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Table 8: Simulation results: Heteroskedasticity- and cluster-robust inference for

panel network model (N = 200).

Network structure in u (ρ 6= 0) No network structure in u (ρ = 0)

D1 D2 D3 D4 D5 D6 D7 D8 D9 D10 D11 D12

I. T = 50

λ̂ s̄e/sd 1.045 0.989 1.004 — — — 1.026 1.026 1.026 — — —
RF0.05 0.052 0.054 0.058 — — — 0.056 0.056 0.056 — — —

β̂1 s̄e/sd 1.030 1.030 1.030 1.044 1.084 1.044 1.030 1.030 1.030 1.030 1.030 1.030
RF0.05 0.041 0.041 0.041 0.040 0.041 0.040 0.041 0.041 0.041 0.041 0.041 0.041

β̂2 s̄e/sd 1.020 1.020 1.020 1.034 1.067 1.032 1.020 1.020 1.020 1.020 1.020 1.020
RF0.05 0.042 0.044 0.043 0.051 0.042 0.043 0.042 0.042 0.042 0.044 0.044 0.044

II. T = 100

λ̂ s̄e/sd 0.993 0.947 0.952 — — — 0.969 0.969 0.969 — — —
RF0.05 0.053 0.067 0.062 — — — 0.057 0.057 0.057 — — —

β̂1 s̄e/sd 1.017 1.016 1.016 1.043 1.103 1.040 1.017 1.017 1.017 1.017 1.017 1.017
RF0.05 0.049 0.050 0.050 0.044 0.047 0.050 0.050 0.050 0.050 0.049 0.049 0.049

β̂2 s̄e/sd 0.963 0.963 0.963 0.981 1.026 0.980 0.963 0.963 0.963 0.963 0.963 0.963
RF0.05 0.058 0.059 0.059 0.083 0.117 0.067 0.059 0.059 0.059 0.058 0.058 0.058

Notes: Results obtained by Monte Carlo simulation over 1000 replications for DGP designs D1-D2

(see Table 2). Further details on the data generating process can be found in Section 4.3. s̄e/sd

refers to simulation estimates of the average standard error to standard deviation ratio. RF0.05 refers

to the estimated rejection frequency of hypothesis tests at the nominal size of 0.05 for H0 : θ = 0,

θ ∈ {λ, β1, β2}.
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